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Abstract
We use the method of group contractions to relate wavelets analysis and Gabor analysis. Wavelets
analysis is associated with unitary irreducible representations of the affine group while Gabor
analysis is associated with unitary irreducible representations of the Heisenberg group. We obtain
unitary irreducible representations of the Heisenberg group as contractions of representations of the
extended affine group. Furthermore, we use these contractions to relate the two analyses, namely
we contract coherent states, resolutions of the identity, and tight frames. In order to obtain the
standard Gabor frame we construct a family of time localized wavelets frames that contract to
that Gabor frame. Starting from a standard wavelets frame we construct a family of frequency
localized wavelets frames that contract to a nonstandard Gabor frame. In particular we deform
Gabor frames to wavelets frames.
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I. INTRODUCTION AND MAIN RESULTS
Wavelets and Gabor analyses are fundamental time-frequency analyses with various applica-
tions in quantum physics and signal analysis (e.g. see [1–5]). Both are incidents of analysis
induced by coherent states system [1, 6] that is attached to a unitary irreducible repre-
sentation of a Lie group. We shall deal with the simplest case in which wavelet analysis
corresponds to the affine group (also known as the ”ax + b” group), and Gabor analysis
corresponds to the Weyl-Heisenberg group. The purpose of this paper is to relate various
aspects of the two analyses via contraction [7–9] between these groups and their unitary
irreducible representations.
Some relations between Gabor analysis and wavelets analysis were established before in
[10–13] by exhibiting both the Weyl-Heisenberg group and the affine group as subgroups
of the four dimensional affine Weyl-Heisenberg group. In [14], an approximation of the
narrowband cross-ambiguity function by wideband cross-ambiguity functions is interpreted
in terms of contraction of an extension of the affine group to the Heisenberg group.
Before stating our results we shall recall the general set up for Perelomov coherent states
[1, 6]. Let π : G −→ U(H) be a unitary irreducible representation of a Lie group G on a
complex Hilbert space H. For any nonzero ψ ∈ H let Gψ,π denote the isotropy subgroup of
ψ, i.e., the subgroup that stabilizes the state that is determined by ψ. Let Xψ,π = G/Gψ,π
and assume that dXψ,π is a positive invariant Borel measure on Xψ,π. If σ : Xψ,π −→ G is a
global Borel section then Xψ,π parameterizes a family of vectors in H in the following way
Xψ,π ∋ x 7−→ π(σ(x))ψ (1)
The vectors that constitute such a family are called generalized coherent states or Perelomov
coherent states. For simplicity we will refer to these vectors as coherent states (CS). We will
adopt the bra-ket notation and denote any vector v ∈ H by |v〉. By abuse of notation we
will denote the coherent state that corresponds to x ∈ Xψ,ρ by the following symbols
|x〉 = |π(σ(x))ψ〉 = |π(x)ψ〉 (2)
ψ is called admissible if
Cψ,π =
∫
Xψ,π
|〈ψ|x〉|2dXψ,π(x) <∞ (3)
Assuming admissibility, the coherent states family {|x〉}x∈Xψ,π induces a resolution of the
identity
I =
‖ψ‖2
Cψ,π
∫
Xψ,π
|x〉〈x|dXψ,π(x) (4)
i.e., for any u, v ∈ H
〈u|v〉 = ‖ψ‖
2
Cψ,π
∫
Xψ,π
〈u|x〉〈x|v〉dXψ,π(x) (5)
and
|v〉 = ‖ψ‖
2
Cψ,π
∫
Xψ,π
〈x|v〉|x〉dXψ,π(x) (6)
We shall now describe how one can vary the group and the representation in such a way
that leads to a continuous change of the coherent states. For that we shall use group
2
contraction[7, 15–19]. Group contraction enables one to obtain a Lie group as a certain
limit of another group. Let EA be the direct product group of the group of real numbers,
R, and the affine group, A; we shall call this group the extended affine. Coherent states
for the extended affine group coincide with coherent states for the affine group. Let H
be the Heisenberg group. We will show how to contract the extended affine group and
its unitary irreducible representations to the Heisenberg group and its unitary irreducible
representations. This means that we shall have a continuous family of unitary irreducible
representations πǫ : Gǫ −→ U(H) with
Gǫ ≃
{
EA ǫ 6= 0
H ǫ = 0
Moreover we shall contract the wavelet analysis to Gabor anlysis in the following sense.
Theorem I.1. For any infinite dimensional unitary irreducible representation π0 of G0 = H
on L2(R) there is a continuous family of unitary irreducible representations πǫ : Gǫ −→
U(L2(R)) with ǫ ∈ [0, 1], that realizes a contraction to π0 and such that the corresponding
formulas (1-6) vary continuously. In addition ǫ 6= 0 leads to a wavelets analysis on L2(R)
and ǫ = 0 to Gabor analysis on L2(R).
For more precise statements see Proposition IV.2, Theorem IV.1, and Proposition IV.4. In
many applications one prefers to work in a discretized setup. The discrete analogue for the
resolution of the identity is given by the notion of tight frame, see, e.g., [1, 20]. Let H be a
Hilbert space. A sequence of vectors in H, {ψn}∞n=0, is called a tight frame if there exists a
positive number A such that
1
A
∞∑
n=0
|ψn〉〈ψn| = I (7)
In that case, for any f ∈ H we have the decomposition
|f〉 = 1
A
∞∑
n=0
(〈ψn|f〉)|ψn〉. (8)
In [20] tight frames for unitary irreducible representations of the affine group and the Weyl-
Heisenberg group were constructed by choosing a lattice of coherent states. That is, for π :
G −→ U(L2(R)) a unitary irreducible representation of one of these groups, for certain ψ in
L2(R), and by picking certain “lattice points” {xn,m ∈ Xψ,π|(n,m) ∈ Z2}, they constructed
a tight frame in L2(R) by ∣∣ψπ(n,m)〉 = π(σ(xn,m))ψ, (n,m) ∈ Z2
For the Weyl-Heisenberg group they showed how one can find an admissible ψ ∈ L2(R)
that is compactly supported. Such admissible functions are better suited for analysis of
signals that are spread over a finite time interval. For the two-dimensional affine group
they showed how one can find an admissible ψ ∈ L2(R) such that its Fourier transform is
compactly supported. Such admissible functions are better suited for analysis of signals that
are band limited, i.e., signals with bounded frequencies. In some sense these two analyses
are complementary to each other but it is not clear how are they related.
Here we build continuous families of tight frames that interpolate Gabor frames and
wavelets frames. Keeping the same notations as in Theorem I.1 we show that:
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Theorem I.2. For any infinite dimensional unitary irreducible representation π0 of G0 = H
on L2(R) there is a continuous family of unitary irreducible representations πǫ : Gǫ −→
U(L2(R)), as in Theorem I.1, a family of ψǫ ∈ L2(R), and sections σǫ : Xψǫ,πǫ −→ Gǫ such
that:
1. πǫ realizes a contraction to π0.
2.
{∣∣∣(ψǫ)πǫ(n,m)〉 |(n,m) ∈ Z2} constitute a tight frame in L2(R).
3. limǫ−→0+
∣∣∣(ψǫ)πǫ(n,m)〉 = ∣∣∣(ψ0)π0(n,m)〉.
4. The corresponding formulas (7-8) vary continuously.
Notice that we were able to contract both compactly supported ψǫ and band limited ψǫ. For
more precise statements see Theorem IV.2 (and its corollaries), Proposition IV.5, Proposi-
tionV.1, PropositionV.2 (and their corollaries).
Contraction of coherent states and resolutions of the identity have appeared in several
cases before (e.g. see [1, 21]) but this seems to be the first instance of contraction of frames.
Recently, a transform relating dual pairs of wavelets frames to dual pairs of Gabor frames
and vice versa was considered at [22]. Deformation and perturbation of Gabor frames is
an active research area[23–25]; our method and specifically Theorem I.2 suggests a new
approach for deforming Gabor frames.
This paper is organized as follows: In sections II and III we describe the unitary ir-
reducible representations and coherent states of the Heisenberg group and of the extended
affine group. In section IV we show how to contract the extended affine group to the Heisen-
berg group. We then show how to contract the unitary irreducible representations, coherent
states families, resolutions of the identity and tight frames. In section V we show how
one can take a family of tight frames that is based upon a compactly supported function
and transform it to a family of tight frames that is based upon a function with compactly
supported Fourier transform. Concluding remarks are presented in section VI.
II. THE HEISENBERG GROUP: UNITARY IRREDUCIBLE REPRESENTA-
TIONS, COHERENT STATES AND FRAMES
We recall that the Heisenberg group is the semidirect product H ≡ R2⋊ϕR where ϕ : R −→
Aut(R2) is defined by ϕα
((
x1
x2
))
=
(
x1 + αx2
x2
)
for every α ∈ R and
(
x1
x2
)
∈ R2. And
the product of (α,~v), (β, ~u) ∈ H is given by: (α,~v)(β, ~u) = (α + β, ϕα(~u) + ~v). Using ”the
Mackey machine”[26], one can show that, for every A ∈ R∗, B ∈ R, we have a unitary
irreducible representation
ηA,B : H −→ U(L2(R, dx))
(ηA,B((c,
(
v1
v2
)
))f)(x) = ei[A(v1+xv2)+Bv2]f(c+ x)
and up to equivalence of representations, any infinite dimensional unitary irreducible repre-
sentation of H is of that form. Moreover ηA1,B1 ∼= ηA2,B2 if and only if A1 = A2.
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A. Coherent states of the Heisenberg group
We recall briefly the construction of Perelomov coherent states for the unitary irreducible
representations ηA,B. For further details see[6]. Any nonzero ψ ∈ L2(R, dx) is admissible
and for a generic ψ ∈ L2(R, dx) the isotropy subgroup relative to the representation ηA,B
is given by Z(H) ≡
{
(0,
(
v1
0
)
)|v1 ∈ R
}
, the center of H . Let XH = Xψ,ηA,B be the
homogeneous space H/Z(H) and let σH : XH −→ H denote the natural Borel section
σH((q,
(
z
p
)
)Z(H)) = (q,
(
qp
2
p
)
). The plane R2 is naturally identified with XH by the
following rule
(q, p) 7−→ σH((q,
(
z
p
)
)Z(H)) = (q,
(
qp
2
p
)
)
and parameterizes the family of coherent states by
(q, p) 7−→ |ψσH (q,p)〉 = ηA,B
(
q,
(
qp
2
p
))
ψ
The Lebesgue measure on R2 is an invariant measure for the action of H . In cartesian
coordinates of R2 equation (4) becomes
I =
‖ψ‖2
L2(R,dx)
Cψ,ηA,B
∫
R2
|ψσH (q,p)〉〈ψσH (q,p)|dqdp (9)
A straightforward calculation shows that
Cψ,ηA,B =
2π‖ψ‖4
L2(R,dx)
|A| (10)
For the canonical choice of the fiducial state, i.e., ψ(x) = π−
1
4 e
−x2
2 , and the natural repre-
sentation ηA=1,B=0 we have |ψσH (−q,p)〉(x) = π−
1
4 e−ip(
q
2
−x)e−
(x−q)2
2 .
B. Frames for the Heisenberg group.
Let q0 and p0 be real numbers such that |q0p0| < 2π. Consider the discrete subset of H
which is given by Hq0,p0 =
{(
nq0,
(
mnq0p0
2
mp0
))
|n,m ∈ Z
}
. It is well known (e.g., [6]) that
for any 0 6= ψ ∈ L2(R, dx) the sequence∣∣∣ψA,B(n,m)〉 = ∣∣∣ψηA,BσH (nq0,mp0)〉 = ηA,B (nq0,( nq0mp02mp0
))
ψ
where n,m ∈ Z is dense in L2(R, dx). Note that for q0p0 = 2π the sequence constitutes
a Von Neumann lattice which was considerably studied and used in quantum mechanics,
see e.g., [27–31]. The following theorem follows from [20]; for self-containment we include a
variant of the proof given there.
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Theorem II.1. Let 0 6= ψ ∈ L2(R, dx) be such that its support is contained in the interval
[−L, L]. Let p0 = πAL and fix q0 such that |q0p0| < 2π, i.e., such that |q0| < 2|A|L. Suppose
that there exists a positive constant χ such that for all x ∈ R∑
n∈Z
|ψ(x+ nq0)|2 = χ. (11)
Then the sequence
{∣∣∣ψA,B(n,m)〉}
n,m∈Z
constitutes a tight frame with frame constant that is
equal to 2Lχ i.e.,
∞∑
n,m∈Z
∣∣∣ψA,B(n,m)〉〈ψA,B(n,m)∣∣∣ = 2LχI (12)
(For construction of such ψ see [20]).
Proof. Let f ∈ L2(R, dx). Recall that Parseval’s theorem implies that for f ∈ L2([−L, L], dx) ⊂
L2(R, dx) we have 2L‖f‖2
L2(R,dx) =
∑
n∈Z |Cn|2 where Cn =
∫
R
f(x)e−i
n
L
πxdx. Using this we
observe that∑
n,m∈Z
∣∣∣〈f |ψA,B(n,m)〉∣∣∣2 = ∑
n,m∈Z
∣∣∣∣∫
R
f(x)eiAx
π
AL
mψ(x+ nq0)dx
∣∣∣∣2 =
∑
n,m∈Z
∣∣∣∣∫
R
f(y − nq0)ei(y−nq0) πLmψ(y)dy
∣∣∣∣2 = ∑
n,m∈Z
∣∣∣∣∫
R
f(y − nq0)eiy πLmψ(y)dy
∣∣∣∣2 =
2L
∑
n∈Z
∫
R
|f(y − nq0)ψ(y)|2 dy = 2L
∑
n∈Z
∫
R
|f(x)|2 |ψ(x+ nq0)|2 dx =
2L
∫
R
|f(x)|2
∑
n∈Z
|ψ(x+ nq0)|2 dx = 2Lχ
∫
R
|f(x)|2 dx = 2Lχ‖f‖2L2(R,dx)
(we used the change of variables y = x+ nq0 and we interchanged the order of the sum and
the integral which is justified by the compactness of the support of ψ.)
III. THE EXTENDED AFFINE GROUP: UNITARY IRREDUCIBLE REPRE-
SENTATIONS AND COHERENT STATES
A. The affine group
Let A be the affine group realized as the matrix group{(
α β
0 1
)
|α ∈ R+, β ∈ R
}
Using ”the Mackey machine” [26], one can show that for any b ∈ R∗ the formula(
U b
(
α β
0 1
)
f
)
(x) =
1√
α
f(
x+ bβ
α
)
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defines a unitary irreducible representation of the affine group on the subspace of L2(R, dx)
which consists of functions that their Fourier transforms are supported in the positive half
of the real line. It is well known (e.g., [1]) that ψ ∈ L2(R, dx) is admissible if and only if∫ ∞
0
|F(ψ)(x)|2dx
x
<∞
where F(ψ) is the Fourier transform of ψ. Let ψ be admissible, then
Cψ,Ub =
2π
|b| ‖ψ‖
2
L2(R,dx)
∫ ∞
0
|F(ψ)(x)|2dx
x
<∞
and Gψ,Ub is the trivial group. The invariant measure on Xψ,Ub = A in terms of the natural
coordinates is given by dαdβ
α2
. The coherent states family is parameterized by the affine group,
A, according to:
|ψbα,β〉(x) =
(
U b
(
α β
0 1
)
ψ
)
(x) =
1√
α
ψ(
x+ bβ
α
)
and satisfies
I =
‖ψ‖2
L2(R,dx)
Cψ,Ub
∫
R+×R
|ψbα,β〉〈ψbα,β|
dαdβ
α2
(13)
There are two inequivalent infinite dimensional unitary irreducible representations of the
affine group, one for each sign of b. A frequent choice in the literature is U b=−1. In this
representation the CS are given by
|ψα,β〉(x) = |ψb=−1α,β 〉(x) =
1√
α
ψ(
x− β
α
) (14)
Any admissible function ψ is called a wavelet and for any f ∈ L2(R, dx) its wavelet transform
with respect to ψ is given by :
〈ψα,β|f〉 = 1√
α
∫ ∞
−∞
ψ(
(x− β)
α
)f(x)dx
B. Representation theory of the extended affine group
We define the extended affine group to be the direct product of the affine group, A, with
the additive group of the real numbers, R. We denote this group by EA ≡ A ⊕ R. The
product in EA is given by (α, β, γ)(x, y, z) = (αx, αy+ β, γ+ z). For a ∈ R let χa(x) = eiax
be a unitary character of R. Let H denote the subspace of L2(R, dx) which consists of all
functions whose Fourier transforms vanish on the negative half of R. For every b ∈ R∗,
a ∈ R we have the unitary irreducible representation U b⊗χa : EA −→ U(H) which is given
by:
(U b ⊗ χa((α, β, γ))f)(x) = eiaγ 1√
α
f(
x+ bβ
α
)
Up to equivalence, any infinite dimensional unitary irreducible representation of EA is of
that form. In addition ρa,b ≃ ρa′,b′ if and only if a = a′. For contraction of the unitary
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irreducible representations of EA we need a different realization which is better suited for
the contraction procedure. We obtain this realization as follows. We define the linear
invertible maps S1, S2, S3(ǫ) by:
1. S1 : H ∼−→ L2(R+, dx), S1(f) = F(f)|R+ where F(f)(w) = 1√2π
∫
R
f(x)e−iwxdx.
2. S2 : L
2(R+, dx)
∼−→ L2(R+, 1
x
dx) where S2(f)(x) =
√
xf(x).
3. For ǫ > 0, S3(ǫ) : L
2(R+, 1
x
dx)
∼−→ L2(R, dx), S3(ǫ)(f) = f ◦ ψǫ, where ψǫ(x) = e−ǫx.
We also define Tǫ = S3(ǫ) ◦ S2 ◦ S1 and use it as intertwining operator in the following way.
For each ǫ ∈ (0, 1], b ∈ R∗ and a ∈ R, we intertwine U b ⊗ χa with Tǫ to get the equivalent
representation
ρa,bǫ : EA −→ U(Vǫ)
(α, β, γ) 7−→ Tǫ ◦ (U b ⊗ χa)(α, β, γ) ◦ T−1ǫ
Explicitly for every f ∈ Vǫ,
ρa,bǫ (f)|x = eiaγeibβe
−ǫx
f(− logα
ǫ
+ x)
C. Coherent states of the extended affine group
In this section we describe Perelomov coherent states for the unitary irreducible represen-
tations of EA. One can show that for a generic normalized function ψ ∈ L2(R+, dx
x
) the
isotropy subgroup relative to the representation ρa,b is given by Z(EA) = {(1, 0, γ) |γ ∈ R},
the center of EA. Let ψ ∈ L2(R+, dx
x
) be a nonzero admissible fiducial state. Let XEA
denote the homogeneous space EA/Z(EA) and let dXEA be a positive invariant Borel mea-
sure on XEA. Let σEA : XEA −→ EA be a global Borel section. The set R+ × R naturally
parameterizes XEA by the following rule
(α, β) 7−→ σEA(α, β, 0)Z(EA).
In these coordinates (4) becomes
I =
‖ψ‖2
Cψ,ρa,b
∫
R+×R
|ψa,b
σEA(α,β,0)
〉〈ψa,b
σEA(α,β,0)
|dαdβ
α2
where
|ψa,b
σEA(α,β,γ)
〉 ≡ ρa,b(σEA ((α, β, γ)Z(EA)))ψ
For admissible ψ ∈ L2(R+, dx
x
), a straightforward calculation shows that
Cψ,ρa,b =
2π
|b| ‖ψ‖
2
L2(R+, dx
x
)
‖ψ‖2
L2(R+, dx
x2
)
We construct frames for the unitary irreducible representations of EA in section IV.
IV. CONTRACTING THE EXTENDED AFFINE GROUP AND ITS COHERENT
STATES
In this section we define contraction of Lie groups and their representations and show how
the extended affine group along with its unitary irreducible representations contract to the
Heisenberg group and its unitary irreducible representations. Moreover we contract the
corresponding coherent state families, resolutions of the identity, and tight frames.
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A. The contraction of EA to H
Contraction of Lie algebras was first introduced by Segal [15] and Ino¨nu¨ and Wigner [7],
as a natural notion for limit of Lie algebras. If one wants to define contraction for Lie
groups, there are several approaches, see for example [17–19]. In our case (the contraction
of EA to H), since both groups are exponential, lifting the Lie algebras contraction using
the exponential map is straightforward and we obtain the following definition:
Definition IV.1. Let G1, G0 be two Lie groups. Suppose that for every ǫ ∈ (0, 1] we have a
diffeomorphism Pǫ : G0 −→ G1 such that the following conditions hold:
1. Pǫ(e0) = e1 where e0, e1 are the identity elements of G0, G1, respectively,
2. For every x, y ∈ G0
x · y = lim
ǫ−→0+
P−1ǫ (Pǫ(x) · Pǫ(y)),
then we say that G0 is the contraction of G by Pǫ and we denote it by G1
P (ǫ)−→ G0.
Proposition IV.1. For ǫ ∈ (0, 1] let Pǫ : H −→ EA be defined by
Pǫ
(
x,
(
y
z
))
=
(
e−ǫx , z( e
−ǫx−1
−ǫx ) , z + ǫ(y − xz2 )
)
for x 6= 0 and
Pǫ
(
0,
(
y
z
))
= lim
x−→0
(
e−ǫx , z( e
−ǫx−1
−ǫx ) , z + ǫ(y − xz2 )
)
=
(
1 , z , z + ǫy
)
Then EA
P (ǫ)−→ H i.e., Pǫ realizes the contraction of EA to H.
Proof. We first note that Pǫ is smooth and note that
P−1ǫ (α, β, γ) =
(
−1
ǫ
lnα,
(
1
ǫ
(
γ − β lnα
α−1 − β ln
2 α
2(α−1)
)
β lnα
α−1
))
for x 6= 0 and
P−1ǫ (α, β, γ) =
(
0,
(
1
ǫ
(γ − β)
β
))
Obviously Pǫ is a diffeomorphism that preserves the identity element. A straightforward
calculation shows that for any x, y ∈ H
x · y = lim
ǫ−→0+
P−1ǫ (Pǫ(x) · Pǫ(y))
where the product on the left hand side is the one in H and on the right hand side the one
in EA. Hence the Heisenberg group, H , is the contraction of the extended affine, EA, by
Pǫ according to definition IV.1.
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B. The contraction of ρa,b to ηA,B
In [9], for any representation of the Lie algebra of the Heisenberg group that arises from a
unitary irreducible representation of the Heisenberg group, a family of representations of the
Lie algebra of the extended affine that contracts to the given representation was constructed.
In the following we explain the analogous picture at the level of the representations of the
groups themselves.
From now on we fix a representation ηA,B of the Heisenberg group on L2(R) and let
a(ǫ) = a0 +
A
ǫ
, b(ǫ) = b0 − Aǫ such that a0 + b0 = B.
Proposition IV.2. [Contraction of representations] Consider the family of represen-
tations of EA on L2(R) that is given by
{
ρ
a(ǫ),b(ǫ)
ǫ
}
ǫ∈(0,1]
. Then ηA,B is the strong contraction
of the family of representations
{
ρ
a(ǫ),b(ǫ)
ǫ
}
ǫ∈(0,1]
in the following sense:
1. (Pointwise convergence) For any f ∈ L2(R), any x ∈ R, and any g ∈ H
lim
ǫ−→0+
(
ρa(ǫ),b(ǫ)ǫ (Pǫ(g))f
)
(x) =
(
ηA,B(g)f
)
(x).
2. (Norm convergence) For any f ∈ L2(R) and any g ∈ H
lim
ǫ−→0+
(
ρa(ǫ),b(ǫ)ǫ (Pǫ(g))f
)
=
(
ηA,B(g)f
)
.
Proof. We observe that for any f ∈ L2(R), any x ∈ R, and any
(
c,
(
v1
v2
))
∈ H
lim
ǫ−→0+
(
ρa(ǫ),b(ǫ)ǫ
(
Pǫ
(
c,
(
v1
v2
)))
f
)
(x) =
lim
ǫ−→0+
eia(ǫ)[v2+ǫ(v1−
cv2
2
)]+ib(ǫ)v2(
e−ǫc−1
−ǫc
)e−ǫxf(− log e
−ǫc
ǫ
+ x)
= ei[Bv2+A(v1+v2x)]f(c+ x) = ηA,B
(
c,
(
v1
v2
))
(f)(x)
For condition (2) we observe that for any x ∈ R∣∣∣∣ρa(ǫ),b(ǫ)ǫ (Pǫ(c,( v1v2
)))
f(x)− ηA,B
(
c,
(
v1
v2
))
f(x)
∣∣∣∣2 ≤ 2|f(x+ c)|2
Since f ∈ L2(R, dx) then 2|f(x+c)|2 ∈ L1(R, dx) and by Lebesgue’s dominated convergence
theorem
lim
ǫ−→0+
∥∥∥∥ρa(ǫ),b(ǫ)ǫ (Pǫ(c,( v1v2
)))
f − ηA,B
(
c,
(
v1
v2
))
f
∥∥∥∥2 = 0
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C. Contraction of coherent states
We can reinterpret the contraction EA
P (ǫ)−→ H as a continuous family of Lie groups {Gǫ}ǫ∈[0,1],
such that for ǫ ∈ (0, 1], Gǫ is isomorphic to EA and and G0 = H . More specifically, for
ǫ ∈ (0, 1] let Gǫ be the group with R×R2 as the underlying smooth manifold and a product
that for any x, y ∈ R× R2 is given by
x ·ǫ y = P−1ǫ (Pǫ(x) · Pǫ(y))
where the product on the right hand side is taking place in EA. As we already saw,
lim
ǫ−→0+
x ·ǫ y = x ·0 y
where the product on the right hand side is in H . Hence, we have a family of Lie products
over the smooth manifold R× R2 that vary continuously in ǫ. In the following we use this
continuous family of groups in order to contract coherent states families and tight frames.
The map Pǫ : Gǫ −→ EA is an isomorphism of Lie groups and hence the map ρ˜a,bǫ =
ρa,bǫ ◦Pǫ defines a representation of Gǫ on L2(R, dx). For generic ψ ∈ L2(R, dx), the isotropy
subgroup of Gǫ for the representation ρ˜
a,b
ǫ is Z(Gǫ) =
{(
0,
(
z
0
))
|z ∈ R
}
, the center of
Gǫ. Let Xǫ denote the homogeneous space G/Gǫ and let σǫ : Xǫ −→ Gǫ be the global Borel
section that is given by
σǫ
((
q,
(
z
p
))
Z(Gǫ)
)
=
(
q,
(
qp
2
p
))
As before, R2 parameterizes Xǫ and hence also the CS according to
(q, p) 7−→ |ψa,bǫ (q, p)〉 =
(
ρ˜a,bǫ
(
q,
(
qp
2
p
)))
ψ
The invariant measure on Xǫ with respect to the action of Gǫ in the coordinates (q, p) is
easily calculated to be
eǫq − 1
ǫq
dqdp
And the corresponding resolution of the identity is given by
I =
‖ψ‖2L2(R,dx)
C
ψ,ρ˜
a,b
ǫ
∫
R2
|ψa,bǫ (q, p)〉〈ψa,bǫ (q, p)|
eǫq − 1
ǫq
dqdp
Proposition IV.3. For admissible nonzero ψ ∈ Vǫ
C
ψ,ρ˜
a(ǫ),b(ǫ)
ǫ
=
2π
|A− b0ǫ|‖ψ‖
2
L2(R,dx)
∫
R
|ψ(x)|2eǫxdx = 2π|A− b0ǫ|‖ψ‖
2
L2(R,dx)‖ψ‖2L2(R,eǫxdx)
The proof can be obtained by a change of variables.
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Theorem IV.1. [Contraction of coherent states] For any x ∈ R, (q, p) ∈ R2
lim
ǫ−→0+
|ψa(ǫ),b(ǫ)ǫ (q, p)〉(x) = |ψη
A,B
σH (q,p)
〉(x)
and
lim
ǫ−→0+
|ψa(ǫ),b(ǫ)ǫ (q, p)〉 = |ψη
A,B
σH (q,p)
〉
i.e., the convergence is pointwise and also in L2(R, dx).
Proof. For any x ∈ R, (q, p) ∈ R2 we have
lim
ǫ−→0+
|ψa(ǫ),b(ǫ)ǫ (q, p)〉(x) = lim
ǫ−→0+
(
ρ˜a(ǫ),b(ǫ)ǫ ◦ σǫ
(
q,
(
0
p
)))
ψ(x) =
lim
ǫ−→0+
(
ρa(ǫ),b(ǫ)ǫ ◦ Pǫ
(
q,
(
qp
2
p
)))
ψ(x) =︸︷︷︸
Prop.(IV.2)
ηA,B
(
q,
(
qp
2
p
))
ψ(x) = |ψηA,B
σH (q,p)
〉(x)
The convergence in norm follows by the same argument that was used in the proof of
Proposition IV.2.
D. Contraction of the resolution of the identity
For any ǫ ∈ (0, 1] we have the resolution of the identity that is associated with a represen-
tations of Gǫ(≃ EA):
I =
‖ψ‖2L2(R,dx)
C
ψ,ρ˜
a(ǫ),b(ǫ)
ǫ
∫
R2
|ψa(ǫ),b(ǫ)ǫ (q, p)〉〈ψa(ǫ),b(ǫ)ǫ (q, p)|
eǫq − 1
ǫq
dqdp
=
|b(ǫ)|
2π‖ψ‖2
L2(R,eǫxdx)
∫
R2
|ψa(ǫ),b(ǫ)ǫ (q, p)〉〈ψa(ǫ),b(ǫ)ǫ (q, p)|
eǫq − 1
ǫq
dqdp
We would like to interpret its limit when ǫ goes to zero as
I =
‖ψ‖2
L2(R,dx)
Cψ,ηA,B
∫
R2
|ψσH (q,p)〉〈ψσH (q,p)|dqdp =
|A|
2π‖ψ‖2
L2(R,dx)
∫
R2
|ψσH (q,p)〉〈ψσH (q,p)|dqdp
which is a resolution of the identity that is associated with a representation of H . We
formulate it in the following proposition:
Proposition IV.4. [Contraction of resolutions of the identity] For any f, g ∈
L2(R, dx)
lim
ǫ−→0+
∫
R2
〈f |ψa(ǫ),b(ǫ)ǫ (q, p)〉〈ψa(ǫ),b(ǫ)ǫ (q, p)|g〉
eǫq − 1
ǫq
dqdp
=
∫
R2
〈f |ψηA,B
σH (q,p)
〉〈ψηA,B
σH (q,p)
|g〉dqdp (15)
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Proof. Since
lim
ǫ−→0+
eǫq − 1
ǫq
= 1,
then Proposition IV.1 implies Proposition IV.4 provided that we can interchange the limit
and the integral in (15). We prove Proposition IV.4 using a more direct approach. We note
that Proposition IV.4 holds if and only if
lim
ǫ−→0+
C
ψ,ρ˜
a(ǫ),b(ǫ)
ǫ
= Cψ,ηA,B
By Proposition IV.3 we have
C
ψ,ρ˜
a(ǫ),b(ǫ)
ǫ
= 2π‖ψ‖L2(R,dx)
∫
R
|ψ(x)|2
|A− b0ǫ|e
ǫxdx
and by the monotone convergence theorem we obtain
lim
ǫ−→0+
C
ψ,ρ˜
a(ǫ),b(ǫ)
ǫ
=2π‖ψ‖L2(R,dx)
∫
R
lim
ǫ−→0+
|ψ(x)|2
|A− b0ǫ|e
ǫxdx = 2π
‖ψ‖4
L2(R,dx)
|A| = Cψ,ηA,B
E. Frames with compactly supported fiducial states and their contractions
In this section, we construct tight frames for the unitary irreducible representations of the
extended affine group. We show how the tight frames of the extended affine group contract
(in a sense that is explained below) to tight frames of the Heisenberg group.
Theorem IV.2. [Tight frames for EA] Under the assumptions of Theorem II.1, for any
ǫ ∈ (0, 1] let EAq0,p0(ǫ) be the discrete subset of EA that is defined by {(αn(ǫ), βmn(ǫ), γmn(ǫ)) |m,n ∈ Z}
where
αn(ǫ) = e
−ǫnq0
βmn(ǫ) = − 2παn(ǫ)m
b(ǫ)(eǫL − e−ǫL) = −
e−ǫnq02πm
b(ǫ)(eǫL − e−ǫL)
γmn(ǫ) = βmn(ǫ)
lnαn(ǫ)
αn(ǫ)− 1 =
e−ǫnq02πm
b(ǫ)(eǫL − e−ǫL)
ǫnq0
e−ǫnq0 − 1 .
The sequence
{∣∣∣ψǫ,a(ǫ),b(ǫ)(n,m) 〉}
m,n∈Z
, where∣∣∣ψǫ,a(ǫ),b(ǫ)(n,m) 〉 = ρa(ǫ),b(ǫ)ǫ (αn(ǫ), βmn(ǫ), γmn(ǫ)) (Qǫψ)
with Qǫ(x) = e
− 1
2
ǫx, constitutes a tight frame with frame constant that is equal to 2 sinh(ǫL)
ǫ
χ.
Remark IV.1. We refer to Qǫ(x)ψ(x) as the new mother wavelet (fiducial state). We
emphasize that if one uses ψ(x) as a mother wavelet instead of Qǫ(x)ψ(x), then ψ(x) does
not generate a tight frame for ǫ 6= 0.
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Proof. Let f ∈ L2(R, dx). Using the change of variables y = e−ǫx and then z = yαn(ǫ) we
obtain∑
n,m∈Z
∣∣∣〈f |ψǫ,a(ǫ),b(ǫ)(n,m) 〉∣∣∣2 = ∑
n,m∈Z
∣∣∣∣∫
R
f(x)eib(ǫ)βmn(ǫ)e
−ǫx
e−
ǫ
2
(x− lnαn(ǫ)
ǫ
)ψ(x− lnαn(ǫ)
ǫ
)dx
∣∣∣∣2
=
∑
n,m∈Z
∣∣∣∣∫
R
f(x)eib(ǫ)βmn(ǫ)e
−ǫx
e−
ǫ
2
(x+nq0)ψ(x+ nq0)dx
∣∣∣∣2 =
∑
n,m∈Z
∣∣∣∣∫
R+
f(− ln y
ǫ
)eib(ǫ)βmn(ǫ)ye−
ǫ
2
(− ln y
ǫ
+nq0)ψ(− ln y
ǫ
+ nq0)
dy
ǫy
∣∣∣∣2 =
∑
n,m∈Z
∣∣∣∣∫
R+
f(− ln y
ǫ
)eib(ǫ)βmn(ǫ)ye−
ǫ
2
(nq0)ψ(− ln y
ǫ
+ nq0)
dy
ǫ
√
y
∣∣∣∣2 =
∑
n,m∈Z
∣∣∣∣∣
∫ eǫL
e−ǫL
f(− ln(zα
−1
n (ǫ))
ǫ
)eib(ǫ)βmn(ǫ)
z
αn(ǫ) e−
ǫ
2
(nq0)ψ(− ln z
ǫ
)
dz
ǫ
√
αn(ǫ)z
∣∣∣∣∣
2
=
∑
n,m∈Z
∣∣∣∣∣
∫ eǫL
e−ǫL
f(− ln(zα
−1
n (ǫ))
ǫ
)e
− 2πm
eǫL−e−ǫL
z
e−
ǫ
2
(nq0)ψ(− ln z
ǫ
)
dz
ǫ
√
αn(ǫ)z
∣∣∣∣∣
2
Using Parseval’s theorem we obtain that the above expression is equal to
2 sinh(ǫL)
∑
n∈Z
∫ eǫL
e−ǫL
∣∣∣∣∣f(− ln(zα−1n (ǫ))ǫ )e−
ǫ
2
(nq0)ψ(− ln z
ǫ
)
ǫ
√
αn(ǫ)z
∣∣∣∣∣
2
dz
= 2
sinh(ǫL)
ǫ
∑
n∈Z
∫
R+
∣∣∣∣∣f(− ln(zα−1n (ǫ))ǫ )ψ(− ln zǫ )
∣∣∣∣∣
2
1
ǫz
dz
Applying the change of variables y = z
αn(ǫ)
and then x = − ln y
ǫ
we obtain that the above
expression is equal to
2
sinh(ǫL)
ǫ
∑
n∈Z
∫
R+
∣∣∣∣f(− ln yǫ )ψ(− ln(yαn(ǫ))ǫ )
∣∣∣∣2 1ǫy dy =
2
sinh(ǫL)
ǫ
∑
n∈Z
∫
R+
∣∣∣∣f(− ln yǫ )ψ(− ln yǫ + nq0)
∣∣∣∣2 1ǫydy =
2
sinh(ǫL)
ǫ
∑
n∈Z
∫
R
∣∣∣f(x)ψ(x+ nq0)∣∣∣2 dx = 2sinh(ǫL)
ǫ
∫
R
|f(x)|2
∑
n∈Z
|ψ(x+ nq0)|2 dx =
2χ
sinh(ǫL)
ǫ
∫
R
|f(x)|2 dx = 2χsinh(ǫL)
ǫ
‖f‖2L2(R,dx)
The interchange of the order of the sum and the integral is justified by the compactness of
the support of ψ.
Corollary IV.1. [Contraction of tight frames] For any f ∈ L2(R, dx)
lim
ǫ−→0+
∑
n,m∈Z
∣∣∣〈f |ψǫ,a(ǫ),b(ǫ)(n,m) 〉∣∣∣2 = ∑
n,m∈Z
∣∣∣〈f |ψA,B(n,m)〉∣∣∣2
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Proof.
lim
ǫ−→0+
∑
n,m∈Z
∣∣∣〈f |ψǫ,a(ǫ),b(ǫ)(n,m) 〉∣∣∣2 = lim
ǫ−→0+
2χ
sinh(ǫL)
ǫ
‖f‖2L2(R,dx) =
2χL‖f‖2L2(R,dx) =
∑
n,m∈Z
∣∣∣〈f |ψA,B(n,m)〉∣∣∣2
Corollary IV.2. [Contraction of frame expansion] For any f ∈ L2(R, dx) and any
ǫ ∈ (0, 1]
f =
∑
n,m∈Z
ǫ
2χ sinh(ǫL)
(
〈ψǫ,a(ǫ),b(ǫ)(n,m) |f〉
)
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉 =
∑
n,m∈Z
1
2χL
(
〈ψA,B(n,m)|f〉
)
|ψA,B(n,m)〉
where the equality is in L2(R, dx).
Proposition IV.5. [Contraction of overcomplete frame bases] For any x ∈ R,
(q, p) ∈ R2
lim
ǫ−→0+
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉(x) = |ψA,B(n,m)〉(x) (16)
and
lim
ǫ−→0+
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉 = |ψA,B(n,m)〉 (17)
i.e., the convergence is pointwise and in norm.
Proof. We observe that
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉(x) = ρa(ǫ),b(ǫ)ǫ (αn(ǫ), βmn(ǫ), γmn(ǫ)) (Qǫψ) (x)
= eia(ǫ)γmn(ǫ)eib(ǫ)βmn(ǫ)e
−ǫx
e−
ǫ
2
(x+nq0)ψ(x+ nq0) =
exp
{
iβmn(ǫ)
(
a(ǫ)
lnαn(ǫ)
αn(ǫ)− 1 + b(ǫ)e
−ǫx
)}
=
exp
{
ie−ǫnq0
−2πm
(−A
ǫ
+ b0)(eǫL − e−ǫL)
(
(
A
ǫ
+ a0)
−ǫnq0
e−ǫnq0 − 1 + (−
A
ǫ
+ b0)e
−ǫx
)}
and since
lim
ǫ−→0+
(−A
ǫ
+ b0)(e
ǫL − e−ǫL) = lim
ǫ−→0+
(−A
ǫ
+ b0)(2ǫL+ o(ǫ)) = −2AL
then
lim
ǫ−→0+
(
(
A
ǫ
+ a0)
−ǫnq0
e−ǫnq0 − 1 + (−
A
ǫ
+ b0)e
−ǫx
)
=
lim
ǫ−→0+
(
(
A
ǫ
+ a0)(1− ǫnq0
2
) + (−A
ǫ
+ b0)(1− ǫx)
)
= a0 + b0 +
Anq0
2
+ Ax = B +
Anq0
2
+ Ax
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and
lim
ǫ−→0+
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉(x) = ei
πm
AL
(B+
Anq0
2
+Ax)ψ(x+ nq0) = e
ip0m(B+
Anq0
2
+Ax)ψ(x+ nq0) = |ψA,B(n,m)〉(x)
Equation 17 follows from the dominated convergence theorem.
Corollary IV.3. [Contraction of truncated frame expansions] for any f ∈ L2(R, dx)
and N1, N2,M1,M2 ∈ Z
lim
ǫ−→0+
n=N2∑
n=N1
m=M2∑
m=M1
ǫ
2χ sinh(ǫL)
(
〈ψǫ,a(ǫ),b(ǫ)(n,m) |f〉
)
|ψǫ,a(ǫ),b(ǫ)(n,m) 〉 =
n=N2∑
n=N1
m=M2∑
m=M1
1
2χL
(
〈ψA,B(n,m)|f〉
)
|ψA,B(n,m)〉
where the equality is in L2(R, dx) and pointwise.
V. FRAMES WITH BAND LIMITED FIDUCIAL STATES AND THEIR CON-
TRACTIONS
In this section we construct another realization of the family of representations
{
ρ
a(ǫ),b(ǫ)
ǫ
}
ǫ∈(0,1]
which also contracts to the desired representation of the Heisenberg group. This re-
alization enables us to construct families of tight frames based on functions with com-
pactly supported Fourier transform. Let us recall how we constructed the representation
ρa,bǫ : EA −→ U(L2(R, dx)). In section IIIB we have defined
ρa,bǫ : EA −→ U(Vǫ)
(α, β, γ) 7−→ Tǫ ◦ (U b ⊗ χa)(α, β, γ) ◦ T−1ǫ
where Tǫ = S1(ǫ) ◦ S2 ◦ S1 goes from H = {f ∈ L2(R, dx)|F(f)(x) = 0, ∀x < 0} onto
L2(R, dx). Let I denote the unitary operator on L2(R) that is given by T−1ǫ=1 = S
−1
1 ◦
S−12 ◦ S−13 (1). We define πa,bǫ : EA −→ GL(H) to be the representation that is given by
I ◦ ρa,bǫ ◦ I−1; explicitly we have
πa,bǫ (α, β, γ) (f)(x) = e
iaγα
1
2ǫF−1
(
eibβw
ǫF(f)(α 1ǫw)
)
(x)
=
eiaγα
1
2ǫ
2π
∫
R
∫
R
f(t)eibβw
ǫ−iα 1ǫ wt+iwxdtdw
Using the known representation of the delta distribution, 1
2π
∫
R
eik(x−y)dk = δ(x − y) we
verify that πa,bǫ=1 = U
b ⊗ χa as follows
πa,b1 ((α, β, γ)) (f)(x) =
eiaγα
1
2
2π
∫
R
∫
R
f(t)eibβw−iαwt+iwxdtdw =
eiaγα
1
2
2π
∫
R
∫
R
f(t)eiw(bβ−αt+x)dwdt = eiaγα
1
2
∫
R
f(t)δ(bβ − αt+ x)dt =
eiaγ
1√
α
f(
x+ bβ
α
) = (U b ⊗ χa((α, β, γ))f)(x)
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Let η˜A,B denote the representation of H that is given by I ◦ ηA,B ◦ I−1. A direct calculation
shows that for any
(
c,
(
v1
v2
))
∈ H(
η˜A,B
(
c,
(
v1
v2
))
f
)
(x) = ei(Av2+Bv1)f
(− log(c+ eAv2−x))
The unitarity of I allows us to translate statements regarding the family
{
ρ
a(ǫ),b(ǫ)
ǫ
}
ǫ∈(0,1]
and its contraction ηA,B to the family
{
π
a(ǫ),b(ǫ)
ǫ
}
ǫ∈(0,1]
and its contraction η˜A,B. Here we
only translate the statement with regards to the tight frame:
Proposition V.1. [band limited tight frames for H ] Let 0 6= ψ ∈ L2(R, dx) satisfy the
assumptions of Theorem II.1. Then the sequence
{∣∣∣ψ̂A,B(n,m)〉}
n,m∈Z
, where
∣∣∣ψ̂A,B(n,m)〉 = η˜A,B (nq0,( nq0mp02mp0
))
(Iψ)
constitutes a tight frame with frame constant that is equal to 2Lχ.
Proposition V.2. [band limited tight frames for EA] Under the assumptions of The-
orem II.1, for any ǫ ∈ (0, 1] let EAq0,p0(ǫ) be the discrete subset of EA that was defined
in Proposition IV.2 by {(αn(ǫ), βmn(ǫ), γmn(ǫ)) |m,n ∈ Z}. Let ψǫ = IQǫψ. The sequence{∣∣∣ψ̂ǫ,a(ǫ),b(ǫ)(n,m) 〉}
m,n∈Z
, where
∣∣∣ψ̂ǫ,a(ǫ),b(ǫ)(n,m) 〉 = πa(ǫ),b(ǫ)ǫ (αn(ǫ), βmn(ǫ), γmn(ǫ)) (ψǫ) constitutes a
tight frame with frame constant that is equal to 2 sinh(ǫL)
ǫ
χ.
Remark V.1. The tight frames given in Propositions V.1 and V.2 are composed of func-
tions whose Fourier transform is compactly supported, and hence suitable for analyzing band
limited signals.
Corollary V.1. [Contraction of tight frames] For any f ∈ L2(R, dx)
lim
ǫ−→0+
∑
n,m∈Z
∣∣∣〈f |ψ̂ǫ,a(ǫ),b(ǫ)(n,m) 〉∣∣∣2 = ∑
n,m∈Z
∣∣∣〈f |ψ̂A,B(n,m)〉∣∣∣2
VI. CONCLUDING REMARKS
It should be noted that one can not directly relate the affine group to the Heisenberg group
by contraction, since these groups are not of the same dimension. An essential step in our
approach was to consider the extended affine group which gives rise to the same analysis as
the affine group and to use the contraction of the extended affine group to the Heisenberg
group.
In practice, when one analyzes signals by the standard wavelets or Gabor frames there is
a hard problem of choosing the most suitable frame. The frames that are given in this paper
come in natural families that vary continuously in the parameter ǫ. This extra parameter,
which is absent in the usual theory, gives rise to a setting in which one can potentially choose
a more suitable frame. This approach for synchronization over Cartan motion groups was
proven to be very efficient in a recent work [32].
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For band limited signals our family of frames coincides for ǫ = 1 with the standard wavelet
frame. For ǫ = 0 we obtain a new frame of Gabor type. This gives us a continuous family of
frames, which can be regarded as a continuous analog of a discrete library (for an example
of a discrete library see [33]). Given a signal, it is a basic question to find an ǫ in the range
[0, 1] that gives the best approximating frame.
This paper serves as a first step in the study of deformation of Gabor and wavelets frames
using group contractions. We believe that the results presented here suggest further study
in this direction.
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